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1 Tables of squares
One of the earliest table of squares is that published in 1592 by Giovanni Antonio Magini
(1555–1617) [15]. Tables of squares such as Magini’s usually only went up to 10000. For
instance, Guldin’s table published in 1635 [7] gave the squares and cubes until 9999. Pell
also published a table of the first 10000 squares in 1672 [17].
The first large table of squares was that of Ludolf, his Tetragonometria tabularia,
published in 1690 [12]. Ludolf’s table gave all squares from 1 to 100000. Kulik’s table,
published in 1848 [11], has exactly the same range, but is much more compact, and also
gives the cubes.
Tables of squares are useful for finding squares and square roots, but they also have
other applications. For instance, Gergonne noted that with a table of squares and cubes,
it is possible with a few simple equalities, to compute the products of two, three, four,
five, . . . , numbers [4]. Other tables, such as those of triangular numbers [3], can also be
used for such applications.
2 Ludolf (1649–1711)
Johann-Hiob Ludolf was a German mathematician, born in Erfurt on 27 February 1649,
and deceased in the same place on 5 February 1711. He was a son of Konrad Ludolf [14,
c. 980–981], [9, c. 2575–2576], [26], [23].
Konrad Ludolf’s brother was the German orientalist Hiob II. Ludolf (1624–1704). In
the 1650s, Hiob II. Ludolf started to study Ethiopian and published the first Amharic
grammar. He was also in correspondence with Leibniz.
In 1683, Johann-Hiob Ludolf became professor of mathematics in Erfurt. At the end
of the 17th century, he suggested a change in the Gregorian calendar [13], which would
have followed a cycle of 96 years and made the computation of Easter easier, but his
proposal was not followed.
Johann-Hiob Ludolf also introduced the first lottery in Germany in the 1690s, as a
way to fight poverty, and worked on the quadrature of the circle.
3 Ludolf’s table of squares (1690)
In 1690, Ludolf published his Tetragonometria tabularia [12] which was reprinted in 1709
and 1712. Ludolf’s table gives the squares of all integers from 0 to 99999. It may have
been inspired by earlier tables, such as those of Magini [15].
In the introduction to his table, Ludolf gives a number of applications. In particular,
in chapter 5, Ludolf explains how to use his table for multiplications. On page 50, he
gives the following example to multiply 89013 by 479:
• compute the sum (summa): 89492
• compute the dimidium: 44746=89492/2 whose square is 2002204516
• subtract 44746 to the multiplicand: 89013-44746=44267,
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• the square of the latter is 1959567289,
• and the difference of the squares is 42637227 which is the sought product.




(a− b)/2, d = (a−b)
2
4
, and e = c−d = a · b, which is in fact the method of quarter-squares,
but for which the first table was only published in 1817 [27].
Ludolf distinguishes several cases, taking into account the parity of the intermediate
results.
Ludolf’s table spans 415 pages and gives the squares in full, except that a prefix is
sometimes omitted. More exactly, Ludolf always gives the last six digits, but the number
of millions is only given at the beginning of a page, of a range, or when it changes. The
tables are mostly selfexplanatory. Each page comprises 39, 40 or 41 lines and 8 columns
(up to 1600) or 6 columns (after 1600). A given hundred spans two and a half pages, but
several hundreds are given in parallel.
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Figure 1: The title page of Ludolf’s Tetragonometria tabularia (1690). (source: Bay-
erische StaatsBibliothek digital)
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Figure 2: The title page of Ludolf’s Tetragonometria tabularia (1709). (source: Nieder-
sächsische Staats- und Universitätsbibliothek Göttingen)
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Figure 3: The title page of Ludolf’s Tetragonometria tabularia (1712). (source: Göttinger
Digitalisierungszentrum)
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Figure 4: The first page of Ludolf’s table (1712). (source: Göttinger Digitalisierungszen-
trum)
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The following list covers the most important references1 related to Ludolf’s table. Not
all items of this list are mentioned in the text, and the sources which have not been seen
are marked so. We have added notes about the contents of the articles in certain cases.
[1] Karl Wilhelm Böbert. Tafeln der Quadratzahlen aller natürlichen Zahlen von 1 bis
252000, der Kubikzahlen von 1 bis 1200 und der Quadrat- und Kubikwurzeln von 1
bis 1000. Leipzig: Gerhard Fleischer, 1812.
[2] Johann Paul Buchner. Tabula radicum, quadratorum et cuborum. Nürnberg:
Helmers, 1701.
[3] Elie de Joncourt. De natura et præclaro usu simplicissimæ speciei numerorum
trigonalium. The Hague: Husson, 1762. [Introduction in Latin. There are also French,
Dutch and English editions. Reconstructed in [19].]
[4] Joseph Diaz Gergonne. Sur divers moyens d’abréger la multiplication. Annales de
mathématiques pures et appliquées, 7(6):157–166, 1816.
[5] James Whitbread Lee Glaisher. Report of the committee on mathematical tables.
London: Taylor and Francis, 1873. [Also published as part of the “Report of the forty-third
meeting of the British Association for the advancement of science,” London: John Murray, 1874.
A review by R. Radau was published in the Bulletin des sciences mathématiques et
astronomiques, volume 11, 1876, pp. 7–27]
[6] James Whitbread Lee Glaisher. Table, mathematical. In Hugh Chisholm, editor,
The Encyclopædia Britannica, 11th edition, volume 26, pages 325–336. Cambridge,
England: at the University Press, 1911.
[7] Paul Guldin. De centro gravitatis, volume 1. Wien: Gregor Gelbhaar, 1635.
[8] Gustav Adolph Jahn. Tafeln der Quadrat- und Kubikwurzeln aller Zahlen von 1 bis
25500, der Quadratzahlen aller Zahlen von 1 bis 27000 und der Kubikzahlen aller
Zahlen von 1 bis 24000. Nebst einigen andern Wurzel- und Potenztafeln. Leipzig:
Johann Ambrosius Barth, 1839.
[9] Christian Gottlieb Jöcher. Allgemeines Gelehrten-Lexicon, volume 2. Leipzig:
Johann Friedrich Gleditsch, 1750.
1Note on the titles of the works: Original titles come with many idiosyncrasies and features (line
splitting, size, fonts, etc.) which can often not be reproduced in a list of references. It has therefore
seemed pointless to capitalize works according to conventions which not only have no relation with the
original work, but also do not restore the title entirely. In the following list of references, most title
words (except in German) will therefore be left uncapitalized. The names of the authors have also been
homogenized and initials expanded, as much as possible.
The reader should keep in mind that this list is not meant as a facsimile of the original works. The
original style information could no doubt have been added as a note, but we have not done it here.
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[10] Jakob Philipp Kulik. Anzeige der in den stereotypirten Tafeln der Quadrat- und
Kubik-Zahlen des D. G. A Jahn enthaltenen Druck- und Rechnungsfehler.
Abhandlungen der königlichen böhmischen Gesellschaft der Wissenschaften, 5th
series, 2:19–24, 1843.
[11] Jakob Philipp Kulik. Tafeln der Quadrat- und Kubik-Zahlen aller natürlichen
Zahlen bis hundert Tausend, nebst ihrer Anwendung auf die Zerlegung großer
Zahlen in ihre Faktoren. Leipzig: Friedrich Fleischer, 1848. [reconstructed in [18]]
[12] Hiob Ludolf. Tetragonometria tabularia. Leipzig: Groschian, 1690. [other editions
were published in 1709 and 1712]
[13] Hiob Ludolf. Unvorgreiffliche Meynung: wie am gründlichsten, sichersten und
beständigsten eine continuirliche Zeit-Rechnung, oder: der Calender einzurichten,
zu verbessern und zur Vollkommenheit zu bringen sey, damit die continuirliche
cyclische Civil-Rechnung dem Lauff der Sonne und dess Mondes nimmermehr
zuwider fallen, sondern allezeit mit selbigem übereinstimmen, und also die
Oster-Feyer und von selbiger dependirende Fast- und Fest-Tage, zu gebührender
und nach Gottes Wort gerichteter Zeit gehalten, und alle Irrungen vermieden
werden können, gestellet. 1699. [not seen]
[14] Carl Günther Ludovici. Grosses vollständiges Universal-Lexicon aller
Wissenschafften und Künste, welche bishero durch menschlichen Verstand und
Witz erfunden worden, volume 18. Halle: Johann Heinrich Zedler, 1738.
[15] Giovanni Antonio Magini. De planis triangulis liber unicus. Venice: Giovanni
Battista Ciotti, 1592. [contains the Tabula tetragonica which was published separately in
1593 [16]]
[16] Giovanni Antonio Magini. Tabula tetragonica seu quadratorum numerorum cim
suis radicibus, etc. Venice: Giovanni Battista Ciotti, 1593. [reprinted from [15],
reconstructed in [20]]
[17] John Pell. Tabula numerorum quadratorum decies millium, unà cum ipsorum
lateribus ab unitate incipientibus & ordine naturali usque ad 10000 progredientibus.
London: Thomas Ratcliffe, 1672. [not seen]
[18] Denis Roegel. A reconstruction of Kulik’s table of squares and cubes (1848).
Technical report, LORIA, Nancy, 2011. [This is a reconstruction of [11].]
[19] Denis Roegel. A reconstruction of Joncourt’s table of triangular numbers (1762).
Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [3].]
[20] Denis Roegel. A reconstruction of Magini’s Tabula tetragonica (1592). Technical
report, LORIA, Nancy, 2013. [This is a reconstruction of [16].]
[21] Denis Roegel. A reconstruction of Schiereck’s table of squares (1827). Technical
report, LORIA, Nancy, 2013. [This is a reconstruction of [24].]
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[22] Denis Roegel. A reconstruction of Voisin’s table of quarter-squares (1817).
Technical report, LORIA, Nancy, 2013. [This is a reconstruction of [27].]
[23] Hartmut Roloff. Hiob Ludolph (1649–1711). In Wissenschaft als Beruf. Der
Standort Erfurt, pages 28–29. Erfurt: Universitätsbibliothek, 2004. [Sonderausstellung
in der Universitätsbibliothek Erfurt]
[24] Joseph Friedrich Schiereck. Tafeln aller Quadrate von 1 bis 10000, nebst
Anweisung, daraus die Quadrate und die Wurzeln aller Zahlen bis 100000000 zu
bestimmen, und einer Anwendung derselben zur leichtern und richtigern
Berechnung des Holzes. Köln: Johann Peter Bachem, 1827. [reconstructed in [21]]
[25] Charles Séguin. Manuel d’architecture, ou principes des opérations primitives de
cet art. Paris: Didot, 1786.
[26] Hans-Joachim Sehrbundt and Horst Heydenreich. Die Sehrbundts — Die
Heidenreichs. Familienbilder aus tausend Jahren deutscher Geschichte, volume 2.
Köln, 2004. [contains a genealogy of the Ludolph family]
[27] Antoine Voisin. Tables de multiplication, ou, logarithmes des nombres entiers
depuis 1 jusqu’à 20,000, etc. Paris: Didot, 1817. [reconstructed in [22]]
[28] Weiss. Jean-Job Ludolf. In Louis Gabriel Michaud, editor, Biographie universelle,
ancienne et moderne, volume 25, pages 398–399. Paris: Louis Gabriel Michaud,
1820.
12
Ludolf’s Tetragonometria tabularia (reconstruction, D. Roegel, 2013)
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        
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        
        
        
        
        
        
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     
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
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      
      
      
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      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
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      
      
      
      
      
      
      
      
      
      
      
     
      
      
      
      
      
      
      
      
      
      
      
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      
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      
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     
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      
      
      
      
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      
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      
      
      
     
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
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      
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      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
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      
      
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      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
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      
      
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      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
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      
      
      
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      
      
      
      
      
      
      
      
      
      
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     
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      
      
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      
      
      
      
      
      
      
      
      
      
      
      
     
      
      
      
      
      
      
      
      
      
      
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     
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      
      
      
      
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      
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      
      
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      
      
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      
      
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      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
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      
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      
      
      
      
      
      
      
      
      
      
      
      
     
      
      
      
      
      
      
      
      
      
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      
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      
      
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     
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      
      
      
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      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
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      
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      
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      
      
      
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      
      
      
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      
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      
      
      
      
      
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      
      
      
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      
      
      
      
      
      
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      
      
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      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
167
Ludolf’s Tetragonometria tabularia (reconstruction, D. Roegel, 2013)
     
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
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      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
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     
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      
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      
      
      
      
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     
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      
      
      
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      
      
      
      
      
      
      
      
      
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      
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      
      
      
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      
      
      
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      
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     
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
     
      
      
      
      
      
      
      
      
      
      
      
      
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      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
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      
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      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
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296
Ludolf’s Tetragonometria tabularia (reconstruction, D. Roegel, 2013)
     
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      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
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     
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
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      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
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     
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      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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     
      
      
      
      
      
      
      
      
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      
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      
      
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      
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      
      
      
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     
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
      
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      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
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      
      
      
      
      
      
      
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      
      
      
      
      
      
      
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      
      
      
      
      
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      
     
      
      
      
      
      
      
      
      
      
      
      
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      
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      
      
      
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      
      
      
      
      
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      
      
      
      
      
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      
      
      
      
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      
      
      
      
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     
      
      
      
      
      
      
      
      
      
      
      
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      
      
      
      
      
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     
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      
      
      
      
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